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Parallelogram law of an inner product space by substituting y = mx + ¢
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Abstract

In this paper, we present a parallelogram law of an inner product space by substituting y =
mx+ c in the differential equations likely Hermite’s differential equation, Legendre’s
differential equation and Laguerre’s differential equation. This is the first report for the
derivation of parallelogram law by substituting the equation of straight line y = mx + ¢ in
the above equations by introducing real linear space R and lIxll = IxI, x € R.
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1. Introduction

In 1935, Frechet gave a geometric characterization of an inner product space. In the same
year, Jordan and von Neumann characterized the inner product spaces as a normed linear
space satisfying the parallelogram law [1].

A B

D C

In the parallelogram ABCD, let AD=BC=aand AB=CD=f,42BAD=®
Now, using the law of cosines in ABAD, we get

o + B - 20Bcos(a) =BD* ............ 6)

Since, in the parallelogram, the adjacent angles are supplementary

So, AADC = 180° - @
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Now, in AADC,
o + B - 2aBcos(180° - @) = AC?
o’ + B2 + 20Bcos(d) = AC? e (i)

Adding (1) and (i1), we get
of + B - 20Bcos(180° - @) + o + B + 2aPcos(®) = BD* + AC?
=20’ +2p* =BD*+ AC?
= BD*+ AC*=2a*+2p°
Hence, for any parallelogram, the sum of the squares of the lengths of its two diagonals is
equal to the sum of the squares of the lengths of its four sides
i.e., AB>+BC’ + CD’ + AD* = AC* + BD’
The parallelogram law has natural geometric interpretations, involving the areas of the
squares constructed on the sides and on the diagonals of the parallelogram.
2. Definition
Let x be a vector space over the field F.Then a norm on x is a function||x||:— R such that
(a) Ixll =0 forall x € X,
GO Ixll=0=2x=0
(¢) llox|l = |aflix]l forallx € X,a €F
(d Ix+yll <IIxll + lIyll forallx,y€ X
2.1. Theorem (Parallelogram Law)
If x and y are two vectors of a Hilbert space H then
llx + yI? + llx -yl =2 lIx 12 + 2 liyll®
Proof: [Ix + yII* + lix - ylI*
=—(xty,x+ty)+x-y,x-y)
XX FENFEX) @ KX -y -6X) (YY)
= lx 11 + lyll® + lix I + lyll®
=2 lIx I* +2 llyll?
d’y

Definition.1 The differential equation of the form =% — 2x W 20y =0 where A is a

= dx

constant, is called Hermite’s differential equation.
Definition.2 The differential equation of the form (1-x%) % - 2x? +n(ntl)y=0

is called Legendre s differential equation, where n is a constant.

Definition.3 The differential equation of the form x =% + (1-x) :—"’ + Ay =0 where L is a

da®

constant,is called Laguerre s differential equation.
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3. Discussions and Result :
3.1. Consider the Hermite’s differential equation

%—2x?+2ky=0,(kisaconstant) ..................... (1)
Put y=mx+cC .o (1)
D —m oand £2=0

dx dx=

Using the above facts in (i), we get
0-2xm+2A(mx+c)=0

= -2xm+2Amx +2Ac =0

= -xm+Amx +Ac=0
=>Xx(-m+Aim)=-Aic
=>mx(A-1)=-Ac

= x =2 1m0, A

mii-1)’

Using this fact in (i1), we get

—-ma ¢
= +
y miA—1}) ¢
-Ac
YT e
= _ —dctde—c
=
5
ﬁ = —
y -1’ M#1
We define real linear space R and the norm defined by
Ixll =|x,x ER ............. (o)
2 - |2
I = |=
miA—1)
T mEA-1) (iif)
Al 2 = =<2
so, llyll l‘]‘_il
I:'= .
TOGIIgE crrrrereeeeeeeeeeeeeeeeeeeenns (iv)
—2 -
Now, X+y = —— +—=
miA-1) A-1
_ —Aoc—mce
miA—1)
—Actme

Similarly, x-y = Yo
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—Ac—mc
miA—1)
{—Ado—me)®

{m(a-1)}*

2

2
lx +vl>=|

(Ac+me)®
fm{a—1)}*

{—Actme)”

- Y
Similarly , [lx — ¥l =1

(Ao+mc)® (—Ac+mc)®
fm(a—1)1* fmi{A-1)3*

2 2
lx +¥II° + llx—vII" =

(Ae+mc)®+ (—Ac+me)®
fm(A—1)1*

AT+ me?+ m¥ e A%t 2Ame® +miet

[mld—1)}7

23 Yt omt et
fmiA—1)1*
2A% et 2m® ¢

fm(A—-1017  [mii—11)

At m”=c*®
2{::1 (A—10)7 +2 [m{A—11"

A=

Kem |, me
fm(A—1)1* m? (A—1)2

Are? es
fm(A—10)* +2 (A—17)*
=2 [IxlI* + 2 llyll*, (using (iii) and (iv))

2 2 2 2
Hence, |lx +wlI” + llx—wl" = 2lxII” + 2 llyll

4.2. Consider the Legendre's differential equation

(l-xz)% -2x%+n(n+1)y=0 ............................ (v)

Put y=mx + c in (v)

rl!-
2 =m and
dx

- .

£
o
I
(e

A,
[E]

Using these facts in (v) , we get
-2mx + n(n+1)(mx+c) = 0

= -2mx + n(nt+1)mx + n(n+1l)c=0
= m[n(n+1)x -2x] = -n(n+1)c

= - [ 2m- n(n+1)]x = -n(n+1)c
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= x =n(nt+1)c /{ 2m - n(n+1)m}
=x =n(n+1)c/ m{2 —n*—n}
= x=-n(ntl)c/ m{n* +n—2}
= x =- n(n+1)c/ m{n* +2n—n—2}
=x = -n(n+1)c/ m(n-1)(n+2)
Since , y=mx + ¢
=y=-mn(nt+1)c/ m(n-1)(n+2) + ¢
=y = {- n(n+1)c + (n-1)(n+2)c} / (n-1)(n+2)
=y=c {-n’—n+n’+2n—n-2}/ (n-1)(n+2)
=y=-2¢/ (n-1)(n+2)
Now
x+y= -n(ntl)c/ m(n-1)(nt+2) - 2¢ / (n-1)(n+2)
=c{- n’ —n—2m}/ m(n-1)(n+2)
=-c {2m + n(n+1)}/ m(n-1)(n+2)
Also, x-y =-n(nt+l)c/ m(n-1)(nt+2) + 2¢/ (n-1)(nt+2)
=c¢ {2m—n(n+1)}/ m(n-1)(n+2)
Since , ||x||* = [x* ,(using ()
=n’ (n+1)* ¢/ m*(n-1)* (n+2)?
Aiso, Iyl =1y
=4¢” / (n-1)* (n+2)?
We have, llx + 317 + llx —yI?
=¢? { 2m+ n(n+1)}¥/ m*(n-1)*(n+2)* + ¢ { 2m — n(n+1)}*/ m*(n-1)*(n+2)
cZ{4m?®+ 4mnn+1)+n%(n+1)% +4m® - 4mnln+1)+n%*(n+1)?)

m2(n—1)2(n+2)2

_ gc? 4 2n¥(n+1)%c2
n-1)2(n+2)2 m2(n-112(n+2)2
_ 4= n® (n+1)%e2
(n-1)2(n+2)2 m?2(n-1)2(n+2)2
_ n?(n+1)%c2 n 42
m?(n-1)2(n+2)2 (n-1)2(n+2)2
=2 IIxII” + 2 liyll®

2 2 2 2
Hence, llx +¥I° + llx —¥I" = 2 IxII” + 2 llyll

4.3. Consider the Laguerre's differential equation
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r.!:)'

dy _ .
X—3 +(1-X)E FAY=0 .o (1)

Puty=mx+c.

dy dy
Then,Z=m and =Z=0
dx dx=

Using the above facts in (i) , we get
(1-x)m + AM(mx+c) =0
=m-mx+m AX +cA =0
=x(m A —m) = - (m+ch)
=x(m-mA)=m+ch

m+CA
=X =

m—ma
Since, y= mx+c
—y = m+CX i
y=—m m—ma ¢

m? + mecA+me—mch

— V]
y (m—md)
=y = mim+C)
mi1—-4)
m+C
— V]
y 1-2

Now , from (o), we get
2

_ (m+c N
(n-m a2
(m+c)*

Al Pe =
s0, I¥II" =",z

m+CA m+C
+ |2
m—ma 1-A

[m +CA i m+C| 2

m —mi 1—.1]
mE+Ci ) i 2(m+CA) (m+C) +[m+l: ]2
m—m (m—-md)(1-24) 1-A

2 m+Ch  m+)2
Also, llx —=vlI° = |—— -
m—mai 1-4

[m+ Cﬂz 2{mE+CA) (m+C) [l:n+q 2
= - +
m-— :':I‘l;'J (m—-md)(1-24) l—j

We have, llx + y|I> = |
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+C +C
Therefore , |l + vlI> + lx —vI* = 2 LH ) [”l 1]2
™ —m. -

=2 |IxII* + 2 lIyll®
Hence, llx +vI* + llx —ylI* = 2 IxII* + 2 llylI®

Conclusion : Hence, by substituting y = mx+ ¢ in above differential equations we get
parallelogram law i.e llx + ylI* + llx —wlI* = 2 IxlI* + 2 llyll*.
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