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Abstract

Fixed point theorems (FPTs) are fundamental tools in scientific and engineering re-
search. This article focuses on the Ulam-Hyers stability of impulsive neutral fractional
integro-differential equations (INFIDEs) involving Hadamard fractional derivatives in a Ba-
nach space. To establish the existence and uniqueness of solutions, the Banach Contraction
Mapping Principle (BCMP) and Krasnoselskii’s Fixed Point Theorem (KFPT) are applied.To
highlight the usefulness of the theoretical insights, a carefully crafted example is introduced,
enhancing and building upon prior scholarly contributions.
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1 Introduction

Recent years have seen an increase in the study of fractional differential equations because frac-
tional order derivatives can be used to describe memory and the inherited characteristics of a
variety of phenomena. Because of this, fractional order models can depict more realistic situa-
tions than integer order models. Fractals, chaos, electrical engineering, medical science, and other
fields have all made use of fractional differential equations. Fractional differential equations have
witnessed significant advancement in recent years; for example, we can consult the publications
2, 3, 4, 5, 7.
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In [I],To investigate whether the Caputo-Hadamard fractional differential equation has solu-
tions with the following impulsive boundary condition:

CHDS () = f(0,2(0)), 9,9 € [1,e],

Aw(r = Lu(x(Iy)),

Adz(Vy) = Ii(z(Ir)), (1.1)
z(1) = h(u), z(e) = g(z),

where “ D? is CH-FD.
In [6],We examine a neutral fractional impulsive integro-differential equation of the following
form:

9 (9 — )81
° DSfu(0) + / %g<s,xp<s,xs)>dsJ = 9 2ppmny B@)@), 0 € (0,71,

Azly—y, = Ir(z(9})), (1.2)
AI/|19:7~9k = Qk(x(ﬁ;))v
$(19) = (ﬁ(ﬂ)a ve [_d7 0]7

AX(0) + BX'(T) = /0 o(x(5))ds,

where ¢ D? is CFD.

The well-developed theory of impulsive differential equations of integer order has applications
in mathematical modeling, particularly in the dynamics of populations that are subject to sudden
changes as well as other phenomena like disease, harvesting, and so on. We direct the reader to
the following sources for general theory and applications of fractional order differential equations
with impulsive conditions: [8, O, 10} 1T, 12].

In [9], we investigate the theoretical analysis of solutions for a class of systems for nonlinear
implicit FIDEs of Hadamard-Caputo type with fractional boundary conditions:

9
CDP2(9) = f(9,2(0).5 DPx(d), / K9, 5,2(s))ds),
z(1) =0, 7 glPx(n) + (D z(v) = A, (1.3)

where the Hadamard-Caputo fractional derivative is §D? and the conventional Hadamard frac-
tional integral is g I?.

In [10], Using the topological degree approach, we investigate the existence results for neutral
FIDEs with CH-derivatives:

G D[2(9) = g(0,2(9), Pz(9))] = f(¥,2(0),Sz(9)), ¥ €[0,2],
az(1) + b Dx(1) = ef 1™z (m),
(L) + 05 D (L) = ¢ [P (np),
(1.4)
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where ¢ D? is CH-FD.

Neutral functional differential equations (NFDEs) play a vital role in modeling complex systems
encountered in biology, physics, and engineering, as documented in various studies [13], [14], [15]
16]. Particularly noteworthy are initial value problems (IVPs) involving fractional NFDEs with
finite delays, which have gained considerable attention owing to their intrinsic ability to represent
memory effects and hereditary characteristics. Numerous researchers have developed a variety
of analytical techniques to investigate qualitative aspects of such equations involving classical
fractional-order derivatives (FODs), as documented in [17, 22} [19].

In [I2], We examine the impulsive fractional neutral pantograph integro-differential equation
of the following form:

“DPlz(9) — % (99 — 1)] = f(I, u(®), z(nd)) —|—/0 (0, s,2(s))ds, 9 €]0,T],

Azly—g, = Ix(z(y)), (1.5)
z(0) = xo,
z(V) = ¢(V), ¥ €[-1,0],

where ¢ D? is CFD.

In [19], We talk about the model’s impulsive neutral integro-differential equations of fractional
order:

CDS [2(9) + g(s, Ip(s,xs)ﬂ + Ax(9) = f(s, Tp(s,2.)5 € ﬁge(s, Tp(ss)))dS,
xg=g(V) € B, U € (—00,0], (1.6)
x(ﬁ) = gi(sa mp(s,:r;s))y v € [ﬁza Si]v

where CDg is CFD.

Applications for integral boundary conditions can be found in a number of practical domains,
including population dynamics, thermoelasticity, chemical engineering, blood flow issues, and
subterranean water flow. We direct the reader to a few recent articles [20, 21, 22] and their
references for a thorough explanation of the integral boundary conditions.

Motivated by the aforementioned studies [14], we investigate the E-URs for FIDEs with IBVP
of the following form:

HDBlp(9) — U, z(9))] = g(0, 2(0), Bx(9)), €T :=[6,T],
Azly—g, = Ii(z(Vy)), (1.7)

z(b) = xo, :E(T):V/#x(g)dC, b<u<T,veR,
0

where ¥ D? is the H-FD of order 1 < 3 <2, g: J x R x R — R is continuous function. Where
Bzx(t) = foﬁ k(0,(,2(())d¢ and k: Ax[b,T] - R, A={(¥) :b6<¢<9 < T} Where
b=1vp < <y <...<Vy =1,Ax|g—p, = (V) — z(9},), and z(I}) = limy,_o+ 2 (V% + h) and
z(V,, ) = limp_0-2(V) + h)-the left hand and right hand limits is x(J) at ¥ = 9.

Motivated by the aforementioned factors, our work aims to close the noted research gap. The
following summarizes this work’s main contributions.

3
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I) There is a void in the literature because there is little study on the examination of U-HS. This
study’s primary goal is to examine UHS of FIDE involving the H-FD in a Banach space.

IT) The UHS is determined the existence and uniqueness of solutions for the FIDE involving the
H-FD are established using Banach and KFPT.

III) To further demonstrate the practical application of the numerical findings and demonstrate
their applicability and significance in resolving real-world issues, an example is also provided.

The rest of this paper is divided as follows. Section 2 describes some key lemmas and basic
definitions that are the foundation of the main theoretical results. Sections 3 & 4 analyze the
E-UR and Ulam stability of solutions for the problem formulations described in equations (1.7).
The final section is an example to check the results.

2 Basic Results

Let 2% ([b,T],R) = {z : [b,T] = R : 2 € C(V,,I)11], R} be continuous. Take z(¥J; ) and z (V)
with  2(J;) = z(¥;) satisfying ||z|| ,, = sup {|z(J)] : b < I < T}.

Definition 2.1. ([14])
The Hadamard fractional integral of ¢ is defined by

. U A O ANT(9)

Definition 2.2. ([14])
The Hadamard fractional derivative of g is continuous function and further, log(:) = log,(-) is

defined as
o a\" ﬁ( g)"‘ﬁ‘lg@
D) = 50, ) (ﬁdt) /b o8 ¢

Lemma 2.1. Let f € Z%€([b,T],R) and x € € ([b, T|,R). Then

ADP () — U9, z(9))] = v(0), €T :=][b,T],
Axly—y, = Ie(z(dy)), (2.1)

z(b) = xo, :B(T):V/Mx(g“)dg, b<u<T, veR,
0
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if and only iof

(

U0, 2(0) + 0+ oy J7 (1n2) " detupenge y ()T
) 0 re) Jo C F(B)[(ln%>571—le]
- B-
(v g gy e i (lnz) 608 ) | for i € [b.01),
-1
x1+U(19,x(19))—|—x0+ 79( ) 9(Cw c) Br©) g 4 (n2)

F(ﬁ)[(ln%)ﬁ’lfuNl]
B TmT .’L"f' /6_ X x
(B gy a7 () G for (01, 02)

9 p-1 x x In § o
z1+ 22+ U0, 2(9)) + o + ﬁ I <1n %) = (CZ“’B “ldc + r(g)[(gn Tb))ﬁlle]
3

_ B-
x (u JEJy (i §) " etk e g — [T (1n L) EEGE) dg) | for ¥ € (9, 13),

19 ¥ (¢z(¢ (lngypl
U, z(0)) + o + w75 IR <1n Z) g D¢+ (ﬁ)[(ln %b)ﬁ—lnyl]

_ B-
y (V S (0 §) sl Bete) grge _ T (m 1) ! 6l 52(0) d()

L+ Ie(@(9y)), for ¥ € (D, Vpyr).

(2.2)
Where Ny = [ (In %)6_1 dc.
Proof. Assume that z satisfies (2.1) and by integrating the 1st equation (2.1). If ¥ € [b,¥;) then
ID[2(9) = U9, 2(9)] = 7(9),9 € [b, 71,

I
x(b) = o, :U(T):V/ z(()d¢, b<pu<T, vekR.
0

L(5)
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If 9 € (191, 192) then

% -t x x
2(9) :x(ﬁf)JrU(ﬂ,:c(ﬁ))joo—% /b (m?) 9(¢. (OC’B D) g

N ﬁ/f (ln?)ﬂ_l 9(¢ x( )C, Bx(C))dC+ - KED;)):;VNI}

FE e R (s
=x(V) + 21 + U, 2(9)) + 20 — NG / < ) x(O)dg

' . N ﬂ—l

et e ;W]

. (V/ / (m ) o(r2(r), Be(r) o / ( )Blg(ggg(g)g,Bx(C))dC)
=z1 + U9, 2(9)) + 20 + F(lﬁ) /bﬁ <ln Z) 9(¢, QJ(C)C <O)dC+ o) { l(in;)jll le}

¢

If 9 e (’(92,’[93) then

z(¥) =x(¥3) + U0, x(9)) + o — ﬁ /;92 (ln C) 9(¢, f(o( (C))dC
v A-1 z((), Bz n% ot
. ﬁ /b (m ?) 9(<, <<>C (D ge 4 - {(i ))ﬁl - VNI]

X(y//(ln ) g(r,(r). Ba(r)) | oo /( ) 1g<<,x<<>§,3x<c>>dc>
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2 B-1
= 09) U0 = s [ () LB

- / C ?)ﬂ o610, BrE

0 p-1 9y -1
:mxzww,x(m)ﬂﬁﬁ / (lnz> 9(6:2(0). Bx(Q)) 4. (In?2)

. ( / /: (m g)ﬁ g(m(r); B2(1)) e / (l%y g<<,x<<>g, Bz(¢)) d<> |

If 9 € (U, T) then

v ot x x n2)7!
o(0) <U(@.2(0) + 20+ 175 [ (1?) 216210, Bell)) g (In3)

y ( / /j (m g)ﬁ olr:2(0).Bolr)) g g / (h%)“ g<<,x<<><, B () dC)

(2.3)
+ 3 I(@()), for ¥ € (g, Vps).
k=1
The impulsive netural Hadamard fractional integral equation (2.2) is satifies x. O

3 Main Results

To substantiate the principal findings, the following hypotheses are employed throughout the
analytical framework:

(H1): A continuous function F' with some constants K7, Ky, N > 0:

D F (0, 11,v) = F(0,79,V)| < Ky |11 — 1| + Ko |[v —=¥|, V7, 70,v,V€Z, 0 € [1,2].

(i)|z(, o, 1) — 2(F, 0, 72)| < N |1 — 72|

(Hy): (U, 1) —U(W, 1) & < Lg |11 — 1o, for 71,75 € R.

(

(

(

PAGE No: 63



ALOCHANA JOURNAL (ISSN N0O:2231-6329) VOLUME 15 ISSUE 3 2026

Theorem 3.1. Assume that (Al) — (A2) is hold. If

1 T\’ (mf)*"
!LG+<F(ﬁ+1) (IHF) i (8 + )‘( %)B R

then the problem (1.7) admits a unique solution on the interval J.

(Il — b) — 1>) (K + KaN) + K*] <1,

(3.1)

Proof: Let the operator 8 be defined as follows

() (9) = U0, :z:(z?))%—xo—l—ﬁ/b (mg) 9(<, x@c 2D ge +

+Z Ly (x ().

At this stage, our objective is to demonstrate that the operator 8 satisfies the contraction property.

Let x,y € € ([b,T],R).
We have

|(B2)(¥) — (By) ()| < |UW, 2(9)) — U, y(9))|
179\ g(¢ 2(0), Bx(Q) — 9(¢y(€), By(0)))
i (lnc) ¢ e
B—1
. (In § )Bl
r(8) {(m ) —lel

/ / (m )“ (). Ba(r) = o(ry(r). By,

r

<1n_) ¢, 2(C), Bx(Q)) — 9(C,¥(C), By(Q))]
S ¢

dg)

+ > ez (05) = Ly (0;)],
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1 T\"
(ln 21
_|_
PE+1) [(mh) -,
X (([v](p = b) = 1) (K1 + KaN)) |lz — y|| + K |[z(9) — y(9)]
1 T\ (nZ)*
r'B+1) (1 b) i I(B+1) ((m %)5‘1 —vN,

x ([v]( = ) = 1)) (Ky + KoN) + K] [2(9) — y(0)]

L

< Lo+ (

Thus,

3 L T2

X (W] = ) = 1)) (Fy + Ko N) + K| [2(9) = y(9)].

Therefore, P is contraction, and the expression above is strictly less than one. Consequently, the
problem in (1.7) admits a unique solution on the interval [b, T7.

Theorem 3.2. Under the hypothesis (H4) € (H5), then the problem (1.1) is guaranteed to possess
at least one solution within in the interval [b,T].

Proof. Consider, B, = {x € € (J,R) : |z| <r}.
Let Q1 and Q2 be two operators defined on the ball B,, as follows:

n2)° # 7= g(r, x(r), Ba(r
sy e [ s 2

T TN (¢ 2(0), Bx(Q)) m )
/b (lnc) ¢ d<)+;fk<xwk>> (3.2)
and
9N (¢ a(0), Bx(Q))
(ng)(ﬁ)—r(ﬁ) /b <lné_) : d¢, (3.3)
9
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Correspondingly. If z,y € B, then Q1z + Q.y € B,. As we now show:

9 B—1 " .
|Q1x+sz\§||U(19,z(19))+x0+ﬁ /b <m§) 9(¢, <¢>C,B (D) g

L (L TV (nf)”
= [LG+ <r(5+1) (IDE) +F(6+1)‘(1n%)ﬁ—1_le '

X (vl = b) = 1)) (K1 + KoN) + K] [2(9) — y(0)|

<r.

Thus Qix + Qoy € B, for all x,y € B,.
Given that = and the operator ((Qaz)(¢}) are continuous, it follows that (();) is a contraction

10
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mapping. Moreover, observe that

17\ g(¢ (), Bx(€)
[(Q22) (V)] < m/ﬁ (ln Z) ¢ d¢

1 7\’
< ()

It follows that (Q2) is uniformly bounded throughout the domain B.
Let ¥,y € J with ¥ < ¥, and x € B,. Since F is bounded on compact sets, (Qoz)(1) is
equicontinuous on J.

swp  |F(p,a(e), Br())] i= Co < oo,
(¢,z,y)EJX By

we will get

(@u)02) ~ (@)l = | [ (mﬁ)ﬁ_l 96, 2(6), BlO))

(192 — 191)5 —0 as 192 — 191.

Since @2(B,) is relatively compact by equicontinuity and boundedness, @3 is compact by the
Ascoli-Arzela theorem. Hence, the problems (1.7) admit at least one fixed point on J. m

4 Ulam Stability Results

The stability of a system is fundamental in both theoretical and practical contexts, ensuring
reliability in applications such as transportation systems, which demand smooth and safe opera-
tions. Mathematical stability plays a critical role in the analysis of differential equations governing

11
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such systems, which has been extensively studied by researchers, leading to valuable results (see
[23, 24, 25, 26, 27]). Well known stability approach is the Ulam (sometimes Uam-Hyers) stability
see e.g. ([28]). Ulam stability of FDEs has a long history and nice results (see e.g., [29, B0]).
Roughly speaking, it answer the question whether an approximate solution of an equation lies
close (in some sense) to its exact solution or not.

Definition 4.1. Consider the problem (1.7), and the equality is
|HDﬁw(19) — F(9,z(9), Bw(ﬂ))| <, (4.1)
and the constant is %), and there exist solution is
() = Z(D)] < Yun (4.2)

Remark 4.1. Ify € P?€ and g;, (i = 1,2,--- k) is a sequence, then y is a solution of inequality
(4.1) if it satisfies its conditions.

(@)|z(9) < n (i1)" Dz (9) = F(9,2(9), Bz(9)) + g(9),9 € [b,T],
Lemma 4.2. We consider the Netural impulsive and H-FIDFEs with BCs:

ADPl2(9) — U W, x(0))] = g(9, 2(9), Bx(¥9)), ¥ € [bT], 0 < < 1,
Axly—y, = Ie(z(dy)), (4.3)

2(6) = vo, (T) =v/“x<<>d<, b<pu<TveR,
0

12
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then
r B—1 DA
10 (ot 9(¢2(€),Bx()) (ng)
U@, (@) + 0+ i i (1n) R T
% (V fbu be (ln %)5*1 g(r,x(T)vB:v(T))drdg _ be (ln I)ﬁ_l g(C,:v(C)C,BfE(C))dC , for 9 € [b, ),
19 x( T Int -
U sy () g
¢
B 1 Tfﬂ 'f' ID T 187 X X
( p [ ¢ (In$)° Tt eran).Be) grge (T ( L) EE;S%gi——-dg> . for 0 € (¥1,05),
9 - T T In ¥ o
1+ x9 + U(ﬂv 5’7(19)) + 2o + ﬁ fb (ln %) g(c’ (Og’B (O)dC + F(ﬁ)[én §)>5—1_VN1]
z(0) =

_ B-1
% (V fbﬂ be (ln %)5 1 g(r,x(r)T,Bw(T))deC _ be (ln %) g(va(C)C,Bw(C))dC> , ford € (192’193%

(ln %)ﬁ_l

Bs—1
1 (0P eea(@.Be)
U(ﬁ’ 33'(19)) o F INE)) fb (hl C) ¢ dC T T'(B) [(ln%)ﬂ_l—ul\h]

B—1
( fb fb( T)ﬂ IQ(TLdrdQ fb ( ) wdc>

(2 e(2(9y)), for ¥ € (U, Vrya).

(4.4)
Where Ny = fb” (ln %)ﬁil d¢. Moreover, we get
L7 (4 0\ gt 2(9), B(Q)) (Ing)
’x(t) - U(ﬁ,&?(ﬁ)) — Ty — m/b (ln Z) C dC - F(ﬁ [< %> B I/Nl]

(o[ ()

_/bT (ln %>6—1 g(C,x(C)C, Ba:(C))CK) n i[’“(ajw’:))"

(m )"

S 1
rg+1) | %) — v

x ([v[(p—b) — 1)6+K*] U

13
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Theorem 4.3. The Hypothesis (Hy — Hy) hold.

HDBLa() — U (9, 2(0))] = F(9, 2(9), Be(9)), 9 € [6,T], 0< B <1,
A‘T|19:19k = Ik(x<1912))7

m

2(6) = w0, (T) = y/ 2(O)dC, b<p<TveR

0

Then the problem (1.1) is Hyers-Ulam, under lemma (4.1), if

1 ( T>ﬂ (In L)*!
—(In—) +
PEFDATE) g+ )| d)™ - o

X (vl(n = b) = 1) (K + KoN) + K] <1

Q:[LG+<

Proof. Let x € #% (J,R) be a solution of (4.1), then

v o=t x x
|?/(19)—$(19)|§‘y(19)—(U(ﬁ,x(ﬁ))+xo+ﬁ/b (mé) 9(S, <O<’B (D) g

r(6) [(Sn;)) uN] . (” /b /j (1“ %)5 g(r’wl’ Br() g
- /bT (m %)51 o x(C)C, Ba0)) dC) + g Ik(x(ﬁ,;))) (

+ (lU(ﬁ,y(ﬁ)) — U0, z(v))] + ﬁ/f <1n §)B—1

n?
906,00, BYO) — 9(6,2(0), Br()] % + ——22)

S r'(B) Kln %) - VNl]

+

x ( [ () a0, 3o — a0, B
[ () 00 Bu0) st B %)

+ D 1 y7)) = Tely(95)])

LTy (n5)”
<mn+ [L(;-l— <F(5+ D (lng) + TG+ ’(ln%)ﬁ_l N

X (Wl = b) = 1)) (K1 + o) + K|y = 2]

14
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where

= —b)—1)e+ K*
” n5+n(m§f*—uN4X“”w )~ 1)e

ﬁ_
T (1)

B
[9(9) — 2(0)] < 30+ [Lo + (ﬁ (ln E) et (n2)" — o,

X (W(5 = ) = 1)) (K1 + KoN) + K| |y = 2]
Hence, from (4.7), we get

y(¥) — ()| < T

Hence, the solution is (1.1) is Hyers-Ulam stable .

5 Example

Example 5.1. We examine the Hadamard fractional problem as follows:

an~ Yz 3+ sin|x v
H g () - 3|5 (9)] _ 9+ 45! ()| +/0 50(§2+¢ 10()do,
917 /2)
Ax(d) = 3+19< ~/2)
B 7 x(s)]
o) = an, o) =v [ G
Set
U0, 2(9)) = m"?)—';w)',
9P+ sin|x(0)]
F(9,z(9), Bx(9)) = 15
¥
Bx(9)) = /0 510(192+s0 )V (p)dep
and

munm>=[-—ﬁﬁ%¢.

15
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Hence the assumptions (Hy — Hy) holds. Where 1 < <2, b=1, T=2, K; = Ky = 4—15, N =
%, Lg = %, Kg =110, 6 = %,K* = %, v = 0.5, Ny = 0.053 By using Theorem (3.1), we
conclude that:

T (n§)™

1 /8
=)+
b) PB+1) ()" vy

ot FW+4>O“

}(|’/|(M —b)—1) | (K, +KyN)+K*| < 1.

According to Theorem (3.1), there is a unique solution to the problem (5.1) — (5.3) on [1,2].
Further, we get the solution x of the problem, (5.1) — (5.3) is below

1 2/ 0\ o I dk
N=1+—— [ (mZ = e )
W) =1 p [)(“c) m+w%1+mw*2l el

~—

no¢ 3 2 3 —9 9
X 1// / lng ! / lnﬁ e le| +1/ e_("“_t)z(ﬁ)d—F6
o Jr r ¢) 124¢e(1+|z] 2 ), K

I'(3) Ji
T T\ 1 2 t\s e ¥ |z I T dk
-/ <1“z> r<g>/1 (“f) 1z+eﬂ<1+|xﬁ§/oe o)

71
gl = < 10784,
ly -zl =y—gn=

We obtain

This establishes that the system of equations (5.1)—(5.3) exhibits Ulam-Hyers stability with respect
to the norm v, = 1.
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